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1 Introduction

The price of insurance is the monetary value for which two parties agree to exchange risk

and “certainty”. There are two commonly encountered situations in which the price of

insurance is subject of consideration: when an individual agent (for example, a household),

bearing an insurable risk, buys insurance from an insurer at an agreed periodic premium;

and when insurance portfolios (that is, a collection of insurance contracts) are traded in

the financial industry (e.g., being transferred from an insurer to another insurer or from

an insurer to the financial market (: securitization)).

Pricing in the former situation is usually referred to as premium calculation while

pricing in the latter situation is usually referred to as insurance pricing, although such a

distinction is not unambiguous. Below we refrain from such an explicit distinction although

the reader may verify that some of the methods discussed are more applicable to the former

situation and other methods are more applicable to the latter situation.

To fix our framework, we state the following definitions and remarks:

Definition 1 (Fundamentals) We fix a measurable space (Ω,F) where Ω is the out-

come space and F is a (σ-)algebra defined on it. A risk is a random variable defined on

(Ω,F); that is, X : Ω → R is a risk if X−1((−∞, x]) ∈ F for all x ∈ R. A risk represents

the final net loss of a position (contingency) currently held. When X > 0, we call it a

loss, whereas when X ≤ 0, we call it a gain. The class of all random variables on (Ω,F)

is denoted by X .

Definition 2 (Premium calculation principle (pricing principle)) A premium (cal-

culation) principle or pricing principle π is a functional assigning a real number to any

random variable defined on (Ω,F); that is, π is a mapping from X to R.

Remark 3 In general, no integrability conditions need to be imposed on the elements of

X . In the absence of integrability conditions, some of the premium principles studied below

will be infinite for subclasses of X . Instead of imposing integrability conditions, we may

extend the range in the definition of π to R ∪ {−∞,+∞}. In case π[X] = +∞, we say

that the risk is unacceptable or non-insurable.

Remark 4 Statements and definitions provided below hold for all X, Y ∈ X unless men-

tioned otherwise.

No attempt is made to survey all of the many aspects of premium calculation and

insurance pricing. For example, we will largely ignore contract theoretical issues, we will

largely neglect insurer expenses and profitability as well as solvency margins.

In the recent literature, premium principles are often studied under the guise of risk

measures; see Föllmer & Schied (2004) and Denuit et al. (2006) for recent reviews of the

risk measures literature.
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2 Classical Theories and Some Generalizations

Classical actuarial pricing of insurance risks mainly relies on the economic theories of de-

cision under uncertainty, in particular on Von Neumann & Morgenstern’s (1947) expected

utility theory and Savage’s (1954) subjective expected utility theory; the interested reader

is referred to the early monographs of Borch (1968, 1974), Bühlmann (1970), Gerber (1979)

and Goovaerts, De Vylder & Haezendonck (1984) for expositions and applications of this

theory in insurance economics and actuarial science. Using the principle of equivalent

utility and specifying a utility function, various well-known premium principles can be

derived. An important example is the exponential premium principle, obtained by using

a (negative) exponential utility function, having a constant rate of risk aversion.

2.1 The Principle of Equivalent Utility

Consider an agent who is carrying a certain risk. Henceforth he will be referred to as the

“insured” even though he might decide not to purchase the insurance policy he is offered.

Furthermore, consider an insurance company offering an insurance policy for the risk.

We consider below a simple one-period-one-contract model, in which the insurer’s

wealth at the beginning of the period is w and the loss incurred due to the insured risk

during the period isX, so that the insurer’s wealth at the end of the period is w+π[X]−X.

The loss X is uncertain and is here represented by a non-negative random variable with

some distribution P[X ≤ x]. We assume that both the insurer and the insured have

preferences that comply with the expected utility hypothesis.

Let us first consider the viewpoint of the insurer. For a given utility function u : R → R
we consider the expected utility E[u(w + π[X]−X)]. In the Von Neumann-Morgenstern

framework, the utility function u is subjective, whereas the probability measure is assumed

to be objective, known and given. In the more general framework of Savage (1954), also the

probability measure can be subjective. In the latter framework, the probability measure

need not be based on objective statistical information, but may be based on subjective

judgements of the decision situation under consideration, just as u is.

From the expected utility expression, an equivalent utility principle (also known under

the slight misnomer zero utility principle) can be established as follows: for a given random

variable X and a given real number w, the equivalent utility premium π−[X] of the insurer

is derived by solving

E[u(w + π[X]−X)] = u(w). (1)

Under the assumption that u is continuous (which is implied by the usual set of axioms

characterizing expected utility preferences) and provided that the expectation is finite,

a solution exists. If the insurer is risk-averse (which for expected utility preferences is

equivalent to the utility function being concave), one easily proves that π−[X] ≥ E[X].

The insurer will sell the insurance if and only if he can charge a premium π[X] that

satisfies π[X] ≥ π−[X].

Next, we consider the viewpoint of the insured. An insurance treaty that for a given

random variable X leaves the insured with final wealth w̄−π[X], will be preferred to full
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self insurance, which leaves the insured with final wealth w̄−X, if and only if ū(w̄−π[X]) ≥
E[ū(w̄ − X)], where ū denotes the utility function of the insured. The equivalent utility

premium π+[X] is derived by solving

ū(w̄ − π[X]) = E[ū(w̄ −X)].

The insured will buy the insurance if and only if π[X] ≤ π+[X]. One easily verifies that a

risk-averse insured is willing to pay more than the pure net premium E[X]. An insurance

treaty can be signed both by the insurer and by the insured only if the premium satisfies

π−[X] ≤ π[X] ≤ π+[X].

Example 5 Consider an agent whose preferences can be described by an exponential util-

ity function

u(x) =
1

α

(
1− e−αx

)
, α > 0, (2)

where α is the coefficient of absolute risk aversion. We find that

π+[X] =
1

α
log(mX(α)), (3)

where mX(α) is the moment generating function of X evaluated in α. We note that for this

specific choice of the utility function, π+[X] does not depend on w. Furthermore, notice

that the expression for π−[X] is similar. However, now α corresponds to the risk aversion

of the insurer. When α ↓ 0, (i.e., for a risk-neutral agent) the exponential premium reduces

to E[X].

Different specifications of the utility function yield different expressions for π+[X] and

π−[X]. It is not guaranteed that an explicit expression for π+[X] or π−[X] is obtained.

In a competing insurance market, the insurer may want to charge the lowest “feasible”

premium, in which case π will be set equal to π−.

2.1.1 Rank-dependent expected utility and Choquet expected utility

Since the axiomatization of expected utility theory by Von Neumann & Morgenstern

(1947) and Savage (1954) numerous objectives have been raised against it; see e.g., Allais

(1953). Most of these relate to the descriptive power of the theory, that is, to empirical

evidence of the extent to which agents’ behavior under risk and uncertainty coincides with

expected utility theory.

Motivated by empirical evidence that individuals often violate expected utility, various

alternative theories have emerged, usually termed as non-expected utility theories; see

Sugden (1997) for a review.

A prominent example is the rank-dependent expected utility (RDEU) theory introduced

by Quiggin (1982) under the guise of anticipated utility theory, and by Yaari (1987) for the

special case of linear utility. A more general theory for decision under uncertainty (rather

than decision under risk), which is known as Choquet expected utility theory (CEU), is

due to Schmeidler (1989); see also Choquet (1953-4), Greco (1982), Schmeidler (1986)

and Denneberg (1994).
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Consider an economic agent who is to decide whether or not to hold a lottery (prospect)

denoted by the random variable V . Under a similar set of axioms as used to axiomatize

expected utility theory but with a modified additivity axiom, Yaari (1987) showed that

the amount of money c at which the decision maker is indifferent between holding the

lottery V or receiving the amount c with certainty can be represented as (in his original

work, Yaari (1987) restricts attention to random variables supported on the unit interval;

also, Yaari (1987) imposes a strong continuity axiom to ensure that g is continuous; we

present here a more general version):

c = −
∫ 0

−∞

(
1− g(F̄V (v))

)
dv +

∫ +∞

0

g(F̄V (v))dv, (4)

with F̄V (v) := 1 − P[V ≤ v]. Here, the function g : [0, 1] → [0, 1] is non-decreasing

and satisfies g(0) = 0 and g(1) = 1. It is known as a distortion function. Provided that

g is right-continuous, that limx→+∞ xg(F̄ (x)) = 0 and that limx→−∞ x
(
1− g(F̄ (x))

)
=

0, expression (4) is an expectation calculated using the distorted distribution function

F ∗
g (x) := 1− g(F̄ (x)), that is, c =

∫ +∞
−∞ xdF ∗

g (x). In the economics literature, c is usually

referred to as the certainty equivalent. Applying the equivalent utility principle within the

RDEU framework amounts to solving∫ +∞

−∞
(w + π[X]−X)dF ∗

g (x) = w, (5)

from which we obtain the distortion premium principle:

π−[X] =

∫ +∞

−∞
xdF ∗

ḡ (x), (6)

with ḡ(p) = 1 − g(1 − p), 0 ≤ p ≤ 1, being the dual distortion function. The premium

principle (6) and its appealing properties were studied by Wang (1996) and Wang, Young

& Panjer (1997).

Example 6 (PH-distortion) Consider as an example the proportional hazard (PH) dis-

tortion function given by ḡ(x) = x1/α, α ≥ 1, advocated by Wang (1996) and Wang, Young

& Panjer (1997). The value of the parameter α determines the degree of risk aversion:

the larger the value of α, the larger the risk aversion with α = 1 corresponding to the

non-distorted (base) case. In this case,

π−[X] = −
∫ 0

−∞

(
1− (F̄X(x))1/α

)
dx+

∫ +∞

0

(F̄X(x))1/αdx. (7)

The decumulative distribution function (or tail distribution function) F̄X provides

a natural insight in how to distribute insurance premiums between different layers of

insurance since the net premium for a layer (a, a+ b] can be computed as∫ a+b

a

F̄X(x)dx. (8)

An important concept in the axiomatization of RDEU as well as CEU is comonotonic-

ity. We state the following definition:
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Definition 7 (Comonotonicity) A pair of random variables X, Y : Ω → (−∞,+∞) is

comonotonic if

(i) there is no pair ω1, ω2 ∈ Ω such that X(ω1) < X(ω2) while Y (ω1) > Y (ω2);

(ii) there exists a random variable Z : Ω → (−∞,+∞) and non-decreasing functions f ,

g such that

X(ω) = f(Z(ω)), Y (ω) = g(Z(ω)), for all ω ∈ Ω. (9)

As we will see below, (6) is additive for sums of comonotonic risks.

Another prominent example of a non-expected utility theory is maximin expected utility

theory introduced by Gilboa & Schmeidler (1989). It involves the evaluation of worst case

scenarios. Laeven (2005) proposes a theory that unifies CEU and maximin expected utility

theory for linear utility.

2.2 Equilibrium Pricing and Pareto Optimality

Bühlmann (1980) argued that in contrast to classical premium principles which depend

on characteristics of the risk on its own, it is more realistic to consider premium principles

which take into account general market conditions (e.g., aggregate risk, aggregate wealth,

dependencies between the individual risk and general market risk). Bühlmann derived

an economic premium principle in which a functional π[·, ·] assigns to a random variable

X representing the risk to be insured and a random variable Z representing general

market risk, a real number π; that is, π : (X ,Z) → R. We will briefly review Bühlmann’s

economic premium principle; it is based on general equilibrium theory, a main branch in

microeconomics.

Consider a pure exchange market with n agents. Think of the agents as being buyers

or sellers of insurance policies. Each agent is characterized by

1. a utility function ui(x), with u′i(x) > 0 and u′′i (x) ≤ 0, i = 1, . . . , n;

2. an initial wealth wi, i = 1, . . . , n.

Each agent faces an exogenous potential loss according to an individual risk function

Xi(ω), representing the payment due by agent i if state ω occurs. In terms of insurance,

Xi(ω) represents the risk of agent i before (re)insurance. Furthermore, each agent buys

a risk exchange denoted by an individual risk exchange function Yi(ω), representing the

payment received by agent i if ω occurs. The market price of Yi is denoted by π[Yi, ·].
Bühlmann used the concept of a pricing density (pricing kernel, state price deflator)

ϕ : Ω → R so that

π[Yi, ·] =

∫
Ω

Yi(ω)ϕ(ω)dP(ω), (10)

for a fixed probability measure P on (Ω,F). An equilibrium is then defined as the pair

(ϕ∗,Y∗) for which:
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1.

∀i,
∫

Ω

ui

(
wi −Xi(ω) + Y ∗

i (ω)−
∫

Ω

Y ∗
i (ω′)ϕ∗(ω′)dP(ω′)

)
dP(ω) : (11)

maximal for all possible choices of the exchange function Yi(ω);

2.
n∑

i=1

Y ∗
i (ω) = 0, ∀ω ∈ Ω. (12)

ϕ∗ is called the equilibrium pricing density and Y∗ is called the equilibrium risk exchange.

Assume that the utility function of agent i is given by

1

αi

(
1− e−αix

)
,

where αi > 0 denotes the absolute coefficient of risk aversion of agent i and 1
αi

is his risk

tolerance. Solving the equilibrium conditions, Bühlmann obtained the following expression

for the equilibrium pricing density:

ϕ∗(ω) =
eαZ(ω)

E[eαZ ]
; Z(ω) =

n∑
i=1

Xi(ω). (13)

Equation (13) determines an economic premium principle for any random loss X, namely

π[X,Z] =
E[XeαZ ]

E[eαZ ]
. (14)

Notice that if X and Z −X are independent a standard premium principle is obtained:

π[X,Z] =
E[XeαX ]E[eα(Z−X)]

E[eαX ]E[eα(Z−X)]
=

E[XeαX ]

E[eαX ]
= π[X]. (15)

This is the time-honored Esscher premium. Here, 1
α

=
∑n

i=1
1
αi

can be interpreted as the

risk tolerance of the market as a whole. Note that if the insurance market would contain

a large number of agents, the value of 1
α

=
∑n

i=1
1
αi

would be large, or equivalently, the

value of α would be close to zero and hence applying the Esscher principle would yield

the net premium E[X].

Remark 8 In equilibrium only systematic risk requires a risk loading. To see this, suppose

that a risk X can be decomposed as follows:

X = Xs +Xn, (16)

where Xs is the systematic risk which is comonotonic with Z, and Xn is the non-systematic

or idiosyncratic risk which is independent of Z (and Xs). Substituting this decomposition

in (14), we obtain

π[X,Z] = E[Xn] +
E[Xse

αZ ]

E[eαZ ]
. (17)
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The derived equilibrium coincides with a Pareto optimal risk exchange (Borch (1962,

1968)).

Bühlmann (1984) extended his economic premium principle allowing general utility

functions for market participants. He derived that under the weak assumption of concavity

of utility functions, equilibrium prices are locally equal to the equilibrium prices derived

under the assumption of exponential utility functions. Globally, equilibrium prices are

similar, the only difference being that the absolute coefficient of risk aversion is no longer

constant but depends on the agent’s individual wealth. The interested reader is referred to

Iwaki, Kijima & Morimoto (2001) for an extension of the above model to a multi-period

setting. Connections between (15) and (6) are studied in Wang (2003).

2.3 Arbitrage-free Pricing

In the past decade, we have seen the emergence of a range of financial instruments with

underlying risks that are traditionally considered to be “insurance risks”. Examples are

catastrophe derivatives and weather derivatives. Such developments on the interface be-

tween insurance and finance have put forward questions on appropriate pricing principles

for these instruments.

As explained above, traditional actuarial pricing of insurance relies on economic the-

ories of decision under uncertainty. Financial pricing of contingent claims mainly relies

on risk-neutral valuation and applies an equivalent martingale measure as a risk-adjusted

operator; see among many others Duffie (1996), Bingham & Kiesel (2004), Björk (2004)

and Protter (2004) for textbook treatments. Risk-neutral valuation can be justified within

a no-arbitrage setting. For the original work on the relation between the condition of no

arbitrage and the existence of an equivalent martingale measure, we refer to Harrison &

Kreps (1979) and Harrison & Pliska (1981). The basic idea of valuation by adjusting the

primary asset process is from Cox & Ross (1976). As is well-known, arbitrage-free pricing

may well fit in an equilibrium pricing framework; see e.g., Iwaki, Kijima & Morimoto

(2001) in an insurance context.

While the no-arbitrage assumption is questionable for traditional insurance markets

(see a.o. the discussion in Venter (1991, 1992) and Albrecht (1992)), one may argue that

it does hold for insurance products that are traded on the financial markets (securitized

insurance risks). Also, especially in life insurance a significant part of the risk borne is

financial risk (interest rate risk, equity risk) rather than pure insurance risk; see e.g.,

Brennan & Schwartz (1976) and Pelsser & Laeven (2006). Arbitrage-free valuation is the

natural device for the valuation of the financial portion of the insurance risk portfolio.

Below we focus attention on pure insurance risk.

Several problems arise in applying financial no-arbitrage pricing methodology to secu-

ritized insurance risks. The principal problem is that of market incompleteness when the

underlying assets are not traded. Indeed, most securitized insurance risks are index-based

rather than (traded) asset-based. Market incompleteness implies that the contingent claim

process cannot be hedged and therefore no-arbitrage arguments do in general not supply

a unique equivalent martingale measure for risk-neutral valuation. The problem of market
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incompleteness proves to be even more serious when insurance processes are assumed to

be stochastic jump processes. In the incomplete financial market there exist an infinite

number of equivalent martingale measures and hence an infinite collection of prices.

The Esscher transform has proven to be a natural candidate and a valuable tool

for the pricing of insurance and financial products. In their seminal work, Gerber &

Shiu (1994, 1996) show that the Esscher transform can be employed to price derivative

securities if the logarithms of the underlying asset process follow a stochastic process with

stationary and independent increments (Lévy processes). Whereas the Esscher transform

of the corresponding actuarial premium principle establishes a change of measure for a

random variable, here the Esscher transform is defined more generally as a change of

measure for certain stochastic processes. The idea is to choose the Esscher parameter (or

in the case of multi assets: parameter vector) such that the discounted price process of

each underlying asset becomes a martingale under the Esscher transformed probability

measure. In the case where the equivalent martingale measure is unique it is obtained

by the Esscher transform. In the case where the equivalent martingale measure is not

unique (the usual case in insurance), the Esscher transformed probability measure can be

justified if there is a representative agent maximizing his expected utility with respect to

a power utility function.

Inspired by this, Bühlmann et al. (1996) more generally use conditional Esscher trans-

forms to construct equivalent martingale measures for classes of semi-martingales; see

also Kalssen & Shyriaev (2002) and Jacod & Shyriaev (2003).

In Goovaerts & Laeven (2007), the approach of establishing risk evaluation mechanisms

by means of an axiomatic characterization is used to characterize a pricing mechanism

that can generate approximate-arbitrage-free financial derivative prices. The price repre-

sentation derived, involves a probability measure transform that is closely related to the

Esscher transform; it is called the Esscher-Girsanov transform. In a financial market in

which the primary asset price is represented by a general stochastic differential equation,

the price mechanism based on the Esscher-Girsanov transform can generate approximate-

arbitrage-free financial derivative prices.

Below we briefly outline the simple model of Gerber & Shiu (1994, 1996) for a single

primary risk. Assume that there is a stochastic process {X(t)}t≥0 with independent and

stationary increments and X(0) = 0, such that

S(t) = S(0)eX(t), t ≥ 0. (18)

Assume furthermore that the moment generating function of X(t), denoted by mX(α, t)

exists for all α > 0 and all t > 0. Notice that the stochastic process{
eαX(t)mX(α, 1)−t

}
t≥0

is a positive martingale and can be used to establish a change of probability measure.

Gerber & Shiu (1994, 1996) then define the risk-neutral Esscher measure of parameter α∗

such that the process {
e−rtS(t)

}
t≥0
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is a martingale with respect to the Esscher measure with parameter α∗; here r denotes the

deterministic risk-free rate of interest. Let us denote the Esscher measure with parameter

α by Q(α) and the true probability measure by P. From the martingale condition

S(0) = EQ(α∗)
[
e−rtS(t)

]
= EP [e−rteα∗X(t)mX(α∗, 1)−tS(t)

]
,

we obtain

ert = EP [e(1+α∗)X(t)mX(α∗, 1)−t
]

=

(
mX (1 + α∗, 1)

mX (α∗, 1)

)t

or equivalently

E
[
e(α

∗+1)X(1)
]

= E
[
eα∗X(1)+r

]
.

Notice that the parameter α∗ is unique since

mX (1 + α, 1)

mX (α, 1)
,

is strictly increasing in α.

A martingale approach to premium calculation for the special case of compound Pois-

son processes, the classical risk process in insurance, was studied by Delbaen & Haezen-

donck (1989).

3 Premium Principles and Their Properties

Many of the (families of) premium principles that emerge from one of the theories dis-

cussed in Section 2 can be (directly) characterized axiomatically. The general purpose of

an axiomatic characterization is to demonstrate what are the essential assumptions to

be imposed and what are relevant parameters or concepts to be determined. A premium

principle is appropriate if and only if its characterizing axioms are. Axiomatizations can

be used to justify a premium principle, but also to criticize it.

A systematic study of the properties of premium calculation principles and their ax-

iomatic characterizations was pioneered by Goovaerts, De Vylder & Haezendonck (1984).

Below we list various properties that premium principles may (or may not) satisfy.

3.1 Properties of Premium Principles

Definition 9 (Law invariance (independence, objectivity)) π is (P-)law invariant

if π[X] = π[Y ] when P[X ≤ x] = P[Y ≤ x] for all real x.

P-law invariance means that for a given risk X the premium π[X] depends on X only

via the distribution function P[X ≤ x]. We note that, to have equal (P)-distributions the

random variables X and Y need in general not be defined on the same measurable space.
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Definition 10 (Monotonicity) π is monotonic if π[X] ≤ π[Y ] when X(ω) ≤ Y (ω) for

all ω ∈ Ω. π is P-monotonic if π[X] ≤ π[Y ] when X ≤ Y P-almost surely.

Definition 11 (Preserving first-order stochastic dominance (FOSD)) π preserves

first-order stochastic dominance if π[X] ≤ π[Y ] when P[X ≤ x] ≥ P[Y ≤ x] for all x ∈ R.

Law invariance together with monotonicity implies preserving FOSD.

Definition 12 (Preserving stop-loss order (SL)) π preserves stop-loss order if π[X] ≤
π[Y ] when E[(X − d)+] ≤ E[(Y − d)+] for all d ∈ R.

We note that preserving SL implies preserving FOSD.

It is well-known that if the utility function is non-decreasing, which is implied by

the monotonicity axiom that is imposed to axiomatize expected utility, then X ≤FOSD Y

implies ordered equivalent utility premiums. If moreover the expected utility maximizer is

risk-averse, which is equivalent to concavity of the utility function, then X ≤SL Y implies

ordered equivalent utility premiums; see Hadar & Russell (1969) and Rothschild & Stiglitz

(1970) for seminal work on the ordering of risks within the framework of expected utility

theory. For an extensive account on stochastic ordering in actuarial science, see Denuit et

al. (2005).

Definition 13 (Risk loading) π induces a risk loading if π[X] ≥ E[X].

Definition 14 (Not unjustified) π is not unjustified if π[c] = c for all real c.

Definition 15 (No ripoff (Non-excessive loading)) π[X] ≤ esssup[X].

Notice that P-monotonicity implies no ripoff.

Definition 16 (Additivity) π is additive if π[X + Y ] = π[X] + π[Y ].

The assumption of no-arbitrage implies that the pricing rule is additive.

Definition 17 (Translation invariance (tr. equivariance, translativity, consistency))

π is translation invariant if π[X + c] = π[X] + c for all real c.

Definition 18 (Positive homogeneity (scale invariance, scale equivariance)) π is

positively homogeneous if π[aX] = aπ[X] for all a ≥ 0.

Definition 19 (Subadditivity resp. Superadditivity) π is subadditive (resp. super-

additive) if π[X + Y ] ≤ π[X] + π[Y ] (resp. π[X + Y ] ≥ π[X] + π[Y ])

Definition 20 (Convexity) π is convex if π[αX+(1−α)Y ] ≤ απ[X]+ (1−α)π[Y ] for

all α ∈ (0, 1).

Notice that under positive homogeneity, subadditivity and convexity are equivalent. See

Deprez & Gerber (1985) for an early account of convex premium principles.
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Definition 21 (Independent additivity) π is independent additive if π[X + Y ] =

π[X] + π[Y ] when X and Y are independent.

See Gerber (1974) and Goovaerts et al. (2004b) for axiomatizations of independent addi-

tive premium principles.

Definition 22 (Comonotonic additivity) π is comonotonic additive if π[X + Y ] =

π[X] + π[Y ] when X and Y are comonotonic.

Definition 23 (Iterativity) π is iterative if π[X] = π[π[X|Y ]].

In addition to the above-mentioned properties, axiomatic characterizations of premium

principles often impose technical (mainly continuity) conditions, required for obtaining

mathematical proofs. Such conditions appear in various forms (e.g., ifXn converges weakly

to X then π[Xn] → π[X]) and are usually difficult to interpret (justify) economically.

3.2 A Plethora of Premium Principles

In this section, we list many well-known premium principles and tabulate which of the

properties from the Section “Properties of Premium Principles” above they satisfy. The

theories presented in Section 2 are not mutually exclusive. Some premium principles (Es-

scher) arise from more than one theory. Other premium principles (Dutch) instead are

not directly based on any of the above-mentioned theories nor on an axiomatic charac-

terization, but rather on the nice properties that they exhibit.

Definition 24 (Expected value principle) The expected value principle is given by

π[X] = (1 + λ)E[X], λ ≥ 0. (19)

If λ = 0, the net premium is obtained. The net premium can be justified as follows: for the

risk X :=
∑n

i=1Xi of a large homogeneous portfolio, with Xi ∼ iid and E[Xi] = µ < ∞,

we have on behalf of the law of large numbers, for any ε > 0,

lim
n→∞

P [|X − nµ| < nε] = 1. (20)

Hence, in case the net premium µ is charged for each risk transfer Xi, the premium income

µ is sufficient to cover the average claim size X
n

with probability 1, as n tends to ∞.

However, in the expected utility framework the net premium suffices only for a risk-

neutral insurer. Moreover, it follows from ruin theory that if no loading is applied, ruin

will occur with certainty. In this spirit, the loading factor λ can be determined by setting

sufficiently protective solvency margins. Such solvency margins may be derived from ruin

estimates of the underlying risk process over a given period of time; see e.g., Gerber (1979)

or Kaas et al. (2001). This applies in a similar way to some of the premium principles

discussed below. For λ > 0, the loading margin increases with the expected value.

Definition 25 (Equivalent utility (zero utility) principle) See Section 2.1.

12



Definition 26 (Distortion principle) See Section 2.1.

Definition 27 (Mean value principle) For a given non-decreasing and non-negative

function f on R the mean value principle is the root of

f(π) = E[f(X)]. (21)

Definition 28 (Variance Principle) The variance principle is given by

π[X] = E[X] + λVar[X], λ > 0. (22)

Definition 29 (Standard Deviation Principle) The standard deviation principle is

given by

π[X] = E[X] + λ
√

Var[X], λ > 0. (23)

See Denneberg (1990) for critical comments on the standard deviation principle, advo-

cating the use of the absolute deviation rather than the standard deviation. Dynamic

versions of the variance and standard deviation principles in an economic environment

are studied by Schweizer (2001) and Møller (2001).

Definition 30 (Exponential Principle) The exponential principle is given by

π[X] =
1

α
log E[exp(αX)], α > 0. (24)

See Gerber (1974), Bühlmann (1985), Goovaerts et al. (2004b) and Young & Zariphopoulou

(2004) for axiomatic characterizations and applications of the exponential principle.

Consider a random variable X and a real number α > 0 for which E[eαX ] exists. The

positive random variable
eαX

E[eαX ]
(25)

with expectation equal to one, can be used as a Radon-Nikodym derivative to establish

a change of probability measure. The thus obtained probability measure is called the

Esscher measure and is equivalent to the original probability measure (i.e., the probability

measures are mutually absolutely continuous). The Esscher transform was first introduced

by the Swedish actuary F. Esscher, see Esscher (1932).

Definition 31 (Esscher Principle) The Esscher premium is given by

π[X] =
E
[
XeαX

]
E [eαX ]

, α > 0. (26)

As an alternative representation, consider the cumulant generating function (cgf) of a

random variable X:

κX(α) := log
(
E
[
eαX

])
. (27)

The first and second order derivatives of the cgf with respect to α are

κ′X(α) =
E
[
XeαX

]
E [eαX ]

(28)
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and

κ′′X(α) =
E
[
X2eαX

]
E [eαX ]

−

(
E
[
XeαX

]
E [eαX ]

)2

. (29)

One can interpret κ′X(α) (or the Esscher premium) and κ′′X(α) as the mean and the

variance of the random variable X under the Esscher transformed probability measure.

Gerber & Goovaerts (1981) establish an axiomatic characterization of an additive pre-

mium principle that involves a mixture of Esscher transforms. A drawback of both the

mixed and non-mixed Esscher premium is that it is not monotonic; see Gerber (1981)

and Van Heerwaarden, Kaas & Goovaerts (1989). Goovaerts et al. (2004b) establish an

axiomatic characterization of risk measures that are additive for independent random vari-

ables including an axiom that guarantees monotonicity. The premium principle obtained

is a mixture of exponential premiums.

Definition 32 (Swiss principle) For a given non-negative and non-decreasing function

w on R and a given parameter 0 ≤ p ≤ 1 the Swiss premium is the root of

E[w(X − pπ)] = w((1− p)π). (30)

Notice that the Swiss principle includes both the equivalent utility principle and the mean

value principle as special cases; see Gerber (1974), Bühlmann et al. (1977) and Goovaerts,

De Vylder & Haezendonck (1984).

Definition 33 (Dutch principle) The Dutch principle is given by

π[X] = E[X] + θE[(X − αE[X])+], α ≥ 1, 0 < θ ≤ 1. (31)

The Dutch premium principle was introduced by Van Heerwaarden & Kaas (1992).

Definition 34 (Orlicz principle) Let X ≥ 0. For a given normalized Young function

ψ on R+ ∪ {0} the Orlicz premium is the root of

E[ψ(X/π)] = 1. (32)

The Orlicz principle is a multiplicative alternative to the equivalent utility principle; see

Haezendonck & Goovaerts (1982).
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4 A Generalized Markov Inequality

Many of the premium principles discussed above can be derived in a unified approach by

minimizing a generalized Markov inequality; see Goovaerts et al. (2003). This approach

involves two exogenous functions v(·) and φ(·, ·) and an exogenous parameter α ≤ 1.

Assuming that v is non-negative and non-decreasing and that φ satisfies φ(x, π) ≥ 1{x>π}

one easily proves the following generalized Markov inequality:

P [X > π] ≤ E [φ(X, π)v(X)]

E[v(X)]
. (33)

Below we consider the case where the upper bound in the above inequality reaches a given

confidence level α ≤ 1:

P [X > π] ≤ E [φ(X, π)v(X)]

E[v(X)]
= α ≤ 1. (34)

When α = 1, the equation
E [φ(X, π)v(X)]

E[v(X)]
= 1, (35)

can generate many well-known premium principles:

Table 2: Premium Principles Derived from Equation (35)

Premium principle v(x) φ(x, π)

Mean value 1 f(x)
f(π)

Zero utility 1 u(π−x)
u(0)

Swiss 1 w(x−pπ)
w((1−p)π)

Orlicz 1 ψ(x/π)

For all φ, v, by (34),

π ≥ inf{x ∈ R : P[X ≤ x] ≥ 1− α},

which sheds light on the relation between premium principles and quantile-based solvency

margins.
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